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Ž . w xRecently Qi and Xu 1997, J. Math. Anal. Appl. 211, 616]620 1 , proved
the following two inequalities:
Ž .1 If 0 - a - b, x G 1, y G 1, then
yxqy xqyb y a x q y a q b
G .x x ž /b y a x 2
Ž .2 If 0 - a - b, x ) 0, y ) 0, then
b xqy y axqy x q y yr2G ab .Ž .x xb y a x
Ž . Ž .It should be noticed that the method used in proving 1 and 2 seemed as
if it made things complicated. Indeed, we could give a direct proof by using
the strict monotonicity on the Stolarsky mean and the power mean of two
distinct positive numbers. Some similar inequalities are obtained.
Let 0 - a - b. The Stolarsky mean of a and b is defined by
Ž .1r py1p pb y a
S a, b s p / 0, 1Ž .p p b y aŽ .
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S a, b s lim S a, b sŽ . Ž .0 p log b y log ap“0
and
Ž .1r byay1 b yaS a, b s lim S a, b s e b aŽ . Ž . Ž .1 p
p“1
The power mean of a and b is defined by
1rpp pa q b
M a, b s .Ž .p ž /2
'Ž . Ž . Ž . Ž .Clearly, S a, b s M a, b s ab and S a, b s M a, b sy 1 0 2 1
Ž .a q b r2.
Ž . Ž .It is well known that both S a, b and M a, b are continuous strictlyp p
w xincreasing functions of p 2, 3 .
LEMMA. If 0 - a - b, then we ha¤e the following inequalities:
ny1n nb y a a q b
G n 1Ž .ž /b y a 2
for n G 2 with equality holding if and only if n s 2.
ny1n nb y a a q bŽ .ny1 r2n ab F F n 2Ž . Ž .ž /b y a 2
for y1 - n F 0 or 1 F n - 2 with equalities holding if and only if n s 0 or
n s 1
ny1 n na q b b y a Ž .ny1 r2n - - n ab 3Ž . Ž .ž /2 b y a
for 0 - n - 1.
bn y an Ž .ny1 r2F n ab 4Ž . Ž .
b y a
for n F y1 with equality holding if and only if n s y1.
Ž .The Lemma is easily deduced from the fact that S a, b is a continuousp
strictly increasing function of p.
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THEOREM 1. If 0 - a - b, x G 1, y G 1, then
yxqy xqyb y a x q y a q b
Gx x ž /b y a x 2
with equality holding if and only if x s 1 and y s 1.
Proof. For 0 - a - b, x ) 0, let A s ax, B s b x. Then 0 - A - B,
Ž xqy .r x xqy Ž xqy .r x xqy Ž .A s a , B s b . By Lemma 1 we have
yrxŽ xqy .r x Ž xqy .r xB y A x q y A q B
G ž /B y A x 2
Ž . Ž .for x q y rx G 2 with equality holding if and only if x q y rx s 2, i.e.,
yrxxqy xqy x xb y a x q y a q b
Gx x ž /b y a x 2
Ž . Ž .for x q y rx G 2 with equality holding if and only if x q y rx s 2.
Ž .Observe that M a, b is a continuous strictly increasing function of p;p
we get
1rxx xa q b a q b
Gž /2 2
for x G 1 with equality holding if and only if x s 1.
Consequently,
yxqy xqyb y a x q y a q b
Gx x ž /b y a x 2
for x G 1 and y G 1 with equality holding if and only if x s 1 and y s 1.
THEOREM 2. If 0 - a - b, 0 - x - 1, 0 - y - 1, then
yxqy xqyb y a x q y a q b
- .x x ž /b y a x 2
Ž .Proof. By Lemma 2 we have
yrxxqy xqy x xb y a x q y a q b
Fx x ž /b y a x 2
Ž . Ž .for 1 F x q y rx - 2 with equality holding if and only if x q y rx s 1,
i.e., y s 0.
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However,
1rxx xa q b a q b
Fž /2 2
for x F 1 with equality holding if and only if x s 1.
Consequently,
yxqy xqyb y a x q y a q b
-x x ž /b y a x 2
for 0 - x - 1 and 0 - y - 1.
Moreover, it is not difficult to find that both inequalities in Theorem 1
and Theorem 2 may not hold either in case x G 1, 0 - y - 1 or in case
0 - x - 1, y G 1.
THEOREM 3. If 0 - a - b, x ) 0, y G 0, then
b xqy y axqy x q y yr2G abŽ .x xb y a x
with equality holding if and only if y s 0.
Ž . Ž .It is evident by Lemmas 1 and 2 .
Ž . Ž . Ž .By Lemmas 2 , 3 , 4 , we can also deduce the following results:
THEOREM 4. If 0 - a - b, 0 - x F 1 then
yxqy xqyb y a x q y a q b
G 5Ž .x x ž /b y a x 2
for yx F y F 0 with equality holding if and only if y s yx or y s 0.
yxqy xqyb y a x q y a q b
- 6Ž .x x ž /b y a x 2
for y - yx.
THEOREM 5. If 0 - a - b, x ) 0, then
b xqy y axqy x q y yr2
) ab 7Ž . Ž .x xb y a x
for y2 x - y - yx.
b xqy y axqy x q y yr2F ab 8Ž . Ž .x xb y a x
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for y F y2 x or yx F y F 0 with equality holding if and only if y s y2 x or
y s yx or y s 0.
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